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The classification of finite simple groups has occupied the attention of a large 
number of group theorists during the last fifteen years. As the efforts of the last 
decade have shown, if one chooses a suitable involution in a known simple group 
then, in a large number of cases, the structure of its centralizer is enough to 
determine the group. In particular, large families of groups of component type 
[2] have been classified in this manner. In [2], Gorenstein has suggested that for 
groups of non-component type the prime 3 might play a role analogous to that 
of 2. In view of this, it is of some interest to determine the conjugacy classes and 
centralizers of elements of order 3 in Chevalley groups of characteristic not 3. 
We have done this, using methods of Steinberg and Iwahori. 
1. NOTATION AND KNOWN RESULTS 
We follow the definitions and notations of [7], where the reader will also find 
further references as well as proofs of basic results. Throughout this paper G 
denotes a connected, semi-simple algebraic group defined over the algebraic 
closure K of a finite field of characteristic p, T a maximal torus of G and R the 
system of roots of G relative to T. W = N(T)/T denotes the Weyl groups of G 
relative to T. Let X(T) be the group of rational characters of T and 
E = X(T) Qz R. Ch oose a positive definite inner product ( , ) on E invariant 
under W. Then for all p E X(T), (CL, a) = 2(~, o~)/(or, a) is an integer, inde- 
pendent of the chosen inner product. Denote the lattice {h E E 1 2(X, ~)/(a, a) E Z} 
by L * (R). If L(R) denotes the lattice generated by R then L(R) C X(T) C 
L * (R). G is simply connected if L * (R) = X(T), and G is adjoint if L(R) = 
X(T)* 
There exists a semi-simple, simply connected algebraic group G,, and a sur- 
jective homomorphism n of G,, onto G with ker rr C Z(G,,). Furthermore, if a 
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is an endomorphism of G onto itself then o lifts to an endomorphism 5 of G,, 
such that the diagram 
GSC -% G,, 
7J 
1 -1 
ii 
G&G 
commutes (see [6, p. 65). 
Suppose now that o is an endomorphism of G onto itself such that G, r= 
$z E G ux = x} is finite. Let G,, = gp(x E G, / x is unipotent}. The groups 
01‘ are the finite Chevalley and Steinberg groups [6, p. 751. Most of the argu- 
ments of this paper depend on the following results: 
1 .l LANG’S THEOREM. The map x ---f xa(x)-l (x E G) is a surjection. 
I .2 (Steinberg). G,,,, = Gse,du (see [6, p. 841). 
1.3 (Springer-Steinberg). Let M be a non-empty left homogeneous pace for G 
on which a acts. Then 
(a) M contains a point jixed by o. 
(b) FixmEM,.IfA ==Zo( m zs a closed subgroup then the elements of the ). 
orbit space GJM, are in 1 : I correspondence with those of H’(a, A/A”): here A” 
denotes the connected component of A and H’(a, A) denote A module the equivalence 
reZation: a N b ;f a = xbo(x)m~l for some x E A. (See [4, p. 1731). If [gA”] E 
H’(u, A/A”) and g = x-%(x) then [gA”] + (xm)% z’s the required I : 1 corre- 
spondence. 
1.4. Let A and B be subgroups of G fixed by u such that A 2 B, B connected. 
Then the natural map A, + ( A/B)O is surjective . 
2. CENTRALIZERS OF SEMI-SIMPLE ELEMENTS 
2.1 PROPOSITION. Let t E T. For LY. E A, let X, denote the root group determined 
by the root (Y. The centralizer of t in G, Zo(t) is generated by T, by the groups X, 
such that cZ(t) = 1 and by n, c N such that n&z;’ = t. 
If X = Zo(t)” then X = [X, x] Z(X) = [X, X]T and [X, X] is a semi-simple 
group. Furthermore if t is of prime order Y then Zo(t)/X is an abelian group of 
exponent r. 
Proof. For the first two statements, see [7, p. 981. 
Let (G,<,,,) be the universal cover of G. Let r(f) = t and Z * (tl) = x-‘(Z(t). 
By [6, p. 571, v-l(Z(t)o = Z(tl) so the mapping Z(f)x -+ [x, f] (x E Z * (f)) is an 
injection of Z * (f)/Z(f) 5! Z(t)/Z(t) into Z(G,,). The identities [ab, c] = 
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[b, ~]“[a, c], [a, bc] = [a, b][a, clb show that if x E 2 c (f), say P = EZ then 
1 = [t’, ~1 = [t, x’]. Hence Z(t)/Z(t)’ is of exponent r. 
The following lemmas are directed towards obtaining composition factors of 
centralizers in finite Chevalley groups. 
2.2 LEMMA. Let B be any Bore1 subgroup of G containing T and suppose that 
o(T) C T. Then (T = i, 0 -r where 7 is an endomorphism$xing both B and T. 
Proof. Since dim a(G) + dim ker (T = dim G and u(G) = G, (T preserves 
dimensions of subgroups. Hence a(B) and B are Bore1 subgroups of G containing 
T. By conjugacy of Bore1 subgroups and Bruhat’s lemma, a(B) = Bnwv where 
nw E N(T) and v E ILO.wa<O X, . Thus T+lnw-l and T are maximal tori of B 
whence bn,v E No(T). By uniqueness of Burhat decomposition, v = 1, hence 
U(B) = BQJ. Clearly i, 0 u fixes both B and T. w 
2.3 LEMMA. Let G, u, 6 be as in Section 1 with u(T) C T. Then 
Gsc,dker 48 = Go, , T,,,d(ker 4, N T n Go, . 
This follows immediately from (1.2). 
0 
2.4 LEMMA. Let u be as in (2.3) and let X, Y be subgroups of G with T C Y, 
YqX, UXCX, uYCY.IjY is connected then each element of (X/Y), has a 
representative in X n G,, . 
P~ooj. Let (G,,,,) be th e universal cover of G, and T,, = n-l(T). Since 
ker rr C T,, , it follows that if A is a connected subgroup of G such that 
T,7, _C n-l(A) then &(A) is also connected. Let X = n-l(X), ?’ = r-l(Y). Then 
6p C P, 5x_C 2. Let x E X with (TX = x (mod Y) and let mxl = x. Then 
6x1 == x1 (mod P) whence by (1.4) 5(xIy1) = xlyl for some y1 E P. Hence 
a(xy) = .~y( y = ~-yr) and xy E X n Go,, (1.2). 
2.5 LEMMA. Let X and Y be connected subgroups of G with X n Y connected. 
If YC nT,(X) and u(X) = X, UY = Y then (XY), = X,YO . 
This is an easy consequence of (1.4). 
2.6 PROPOSITION, Let G, T, u be as usual with u(T) C T. Then G, = G,,T, . 
Proof Let B be any Bore1 subgroup of G containing T. By (2.2), u = i, ’ T 
where r fixes both T and B. From the But-hat decomposition of G, G, = 
UKEw, L.~JTnWUWT , where u = IlTlx,D X, is the unipotent radical of B. Since 
each element of W, has a representative in GTU , G, = G,,T, . By Lang’s 
Theorem (1 .I), GO E G, whence GO, ‘v GTU . Let e (resp. i) be the lifting of a 
(resp. T) to G,, . We shall see below that the groups T,,,, and T, have the same 
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order. Since T,,,,/(ker 7~)~ e T n G,, , it follows that G,,T,/G,, N TJT n GO, 
is of the same order as (ker v)~. Similarly the groups G,,T,/GTu and (ker +), 
have the same order. Since 6 = i, o ?, where ~(6) = w, and ker v C Z(G,,), 
(ker rr)d = (ker z-)r. But G,, N G,, and G, = G,,T, , so 1 GOUT,, 1 = j G, I. 
Hence G, = GOUT,, . 
It remains to show that Tsc,$ and T,, have the same order. Now the rational 
characters X(T) of T separate points of T so that TO = ((a* - 1) X(T))“, 
where u t p = p 0 (T for all p E X(T). Since (u* - 1) is injective on X(T) if, 
and only if, TO is finite, it follows that 
I XP”)/(~* - 1) X(T)1 = i W)l(o* - I>W)I, 
since the lattices X(T) and L(R) have the same rank. By [4, p. 1871, 
-wM~* - 1) L(R) has finite order prime top = char K, whence by the argument 
given there, / T, 1 is determined by the action of u on the root lattice L(R). 
Hence 1 T, 1 = 1 T,,,, :. 
Recall that if t E T then Z(t)’ = LT, where L = [Z(t)“, Z(t)‘] is a semi-simple 
group. Furthermore, L n T is a maximal torus of L. Hence by (2.5) and (2.6) 
Z(t): = L,T, = L,,(L A T),T,, = LOUT, , if u(t) = (t). 
The lemmas of this section give the following result. 
9 
2.7 THEOREM. Let t E T and assume that u(t) commutes with t. Let X = Zo(t)“, 
L(X) = [X, X]. Then Zo(t), 3_ X0, 2 L,, S 1 is a normaE series of .Zo(t), in which 
all factors except the last are abelian groups: here X0, denotes X, n Go, . L,, is a 
normal or a twisted Chevalley group. 
Proof. By (2.1) and (2.4), Z,(t)/X is an abelian group, (Zo(t)/X), N Zo(t)JXV 
and representatives can be chosen in G,, . By remarks following (2.6), X0 = 
LOUT, whence X0, = L,,(T, n G,,). Thus X0/X0, = LJ’,ILT~, = 
LIT, n LJou = T,/TOU N GOIGOU (see 2.6). Also X,JL,, = L,,(T, n 
GJL,,, ru T, n G&/T, n L,, = T,,/( T n L) n L,, . Finally L,, - Lsc,bl& , 
where 2 is a central subgroup of the universal cover L,, of L. If the components 
of L,, are Li (i = 1, 2,..., Y) then L,, = L,Lz -L, (direct product). Any abstract 
automorphism of L,, permutes the L,‘s. We may suppose that 6 permutes the 
Li’s in a single orbit, say L,, = L,eL, ... GT-lL, . Clearly Lsc,* = L,,,r. Since 
FL, = L, , the possibilities for Ll,er are known by results of Steinberg [6, p. 751. 
Moreover Z(L,,) is completely determined by its Dynkin diagram. Hence the 
central subgroup ofL,, which must be factored out to obtain L can be determined 
(see sect. 4). 
3. PARAMETRIZATION OF SEMI-SIMPLE CLASSES 
Let G, T and u be as before. By definition, G c GL( V) for some finite dimen- 
sional vector space V defined over K. Since T is diagonalisable, V = CIIEX(r) VP, 
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where I’, = {V E I/ 1 tv = p(t)v Vt E T). By [7, p. 421 given x E Hom(X(T), R*) 
there exists t = t(X) E T such that X(P) = p(t) for all p E X(T). Hence for 
V~Vlk, t(x)v = x(p)v and so every element of T is of the form t(X), 
x E Hom(X( T), k*). 
Denote the elements of T rational over the finite field F, C k by T(q). Thus if 
t(X) E T(q) then x(X(T)) C Fz. Let K be a fixed generator of F$; then for each 
p E X(T), x(p) = J?(U), where n(p) E Z. 
Let X(T)I = {x E E / (x, X(T)) EZ} (see sect. 1). Then the mapping 
p: X(T)l-+ T(q), 6 -+ t(X,J, where x8(p) = K(“,*)(P E X(T)), is a surjection whose 
kernel is (Q - 1) X(T)l. 
For d E E = X(T) & R let Td denote the translation map x --f x + d. For 
any lattice r C E denote the module { Td: d E r} by T(r), and let 
2& = T((q - l)rL)W, 
D, = {z E E 1 0 < (a, x) < q - 1 for all a E @+}, 
where @+ is a fixed positive system of roots of G relative to T, and Q;2, = 
(T E .!&r 1 7Dq = D,}. 
The following result is due to Bourbaki (3, p. 272). 
3.1 PROPOSITION. Let &e(R) = Fs,, 9&) = E sZxcT) = Sz. Then 
(i) gS, is normal in z g= g&J, Q n gsc = 1. 
(ii) For every point x E E the Fs,-orbit of x intersects D, in a single point. 
(iii) Two points x, y of D, are gconjugate if and only if they are Q-conjugate. 
Proposition (3.1) implies 
3.2 PROPOSITION. Let y = D, r\ ri. Elements of the orbit space Yy\Q represent 
bijectively the conjugacy classes of elements of T(q). 
3.3 THEOREM (Iwahori). Let X E D, n ri and let Qn, denote the stabilizer of h 
in Sz. Then Q,, = Z,(t(X,))/ZG(t(X,))o. 
Proof. See [3, p. 2751. 
The elements of D are given explicitly as follows. Let d = {a, ,..., ul} be the 
fundamental system of roots contained in the positive system of roots @+, and 
let cl ,..., cl be the basis of TLCR)A dual to a, ,..., al . Let Ai = A\ai and wd 
(resp. We,) the unique involution in W which maps A (resp. Ai) into -A (resp. 
-Ai). Let a, = C:=, mjuj be the highest root. Then 
3.4 PROPOSITION. 12 = (1, T(aCI)Fi~di~d ) mi = 1 and ci E FL}. 
See [3, p. 2751. 
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3.5 LEMMA. Let Y be any prime distinct from char k. Let x E T\Z(G) with 
x’ E Z(G) and x rational over F, Then x is conjugate to an element of the form 
t(x,,) where h = [(q - 1)/r] C t,ci , 0 < ti < r, C timi < r, with X E r-L. 
Proof. Recall that a, = C:=i miai is the highest root of @+ and {~}~=r,...,r is 
the basis of J’& dual to {u~}~,~,...,~. By (3.1) and (3.2), x is conjugate to some 
t(X,,), h E D, n TL. Now D, n T-L C D, n I’&, = {C xici / 0 < xi, C mixi < 
q - 11 so t(xJ’J(G) re q uires X = [(q - 1)/r] C tjcj , 0 < ti , C t,m, < r with 
X E P. Since each mi > 1, if some tj were equal to r then every other tj would be 
0, i.e., h would equal [(q - 1)/r] rEZ(q - l), forcing t(xJ = 1 on r,,,, . Thus if 
t&J $2(G)’ then X = [(q - 1)/r] &r tici , 0 < tj < r, C t,m, < r with h E rL. 
3.6 Notation. Set Xi = [(q - I)/r]Ei and for X as in (3.5), A = C t,& let 
JA = {i I ti # O}. 
3.7 LEMMA. Let h = Et,& as in (3.5) and let L = [Z(t(xA)), Z(t(xA)]. Then 
L is semi-simple and a positive system of roots for L is given by: 
(a) {ai/i#JA)ifO<Ctim,<r 
(b) (ai j i $ JA} u (-a,,) if0 < 1 t,mi = r. 
The proof is similar to [3, p. 2271 and is left to the reader. 
We shall denote the roots in (a), (b), by 0(x,,). 
3.8 Two special cases. Let G be an adjoint group i.e. X(T) = L(R). 
(i) If t E T is an involution then t is conjugate to t(X,J where X is of the form 
h(l) A(?’ X!l’ + A:) (i # j), i’J’I where 
in the expression a,, = Cj=, mjaj . 
A:’ means that A:’ = [(q - l)/2]e1 with mi = a 
The corresponding root systems are of the following types: 
O(X~‘) = d\ai 
O(Xf’) = d\a, U (-aJ 
d(Xj” + Ai(‘) = A\{ai , aj} U (-aO). 
(ii) If t E T s f i o order 3 then t is conjugate to t(xh), where h is of the following 
types: 
As”, p, xl” + All’, 2x?‘, j$” + 2p, /p + jp, jp, p + j$” -+ /p. 
Here A!a’ means X’.a’ - -- [(q - 1)/3]~, with mi = a in the expression a, = 
x:=1 m,a?‘, where CJ is i sufficiently large power of char k such that q s 1 (mod 3). 
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The corresponding root systems are of the following types: 
A(p) = A\q 
A(@‘) = A\a, 
A(@) + A,‘l’) = A\(u, , Uj) 
A(2p) = A\u, 
op + 2dl’) = A\(Ui ) u.} u (-a ’ 1 3 ) 0t 
A(p) = A\u, u (-uo} 
A(hi(l’ + p + xp = A\{u, , uj , Uk} u {-a,}. 
4. CENTRALIZERS OF ELEMENTS OF ORDER 3 
Let G, T, (J be as before with a(T) = T. Every semi-simple element of G is 
conjugate to an element of T and for t E T, tC n G,, # o if and only if &u(t) = t 
for some w E W [4, p. 1941. Let n, be a representative of w in N = N(T). By 
Lang’s theorem (1 .l) if nzo = S%(S) then under the inner automorphism i, we 
have: 
Go, ‘v 6, G N G,, , t!Jo,u -
tG n G,,/Gu,o N tC n G,/Gou . 
Moreover tG n G,,/G,, E H’(Z(t)/Z(t)“, WU). 
1.3. Denote by wu by 7 and let the representatives for H’(Z(t)/Z(t)“, WU) be 
(nzcri / 1 < i < n> with 6&(&) = n, . Then the representatives of the G,, 
classes which fuse with t under the a&ion of G are {8&‘-l: (1 < i < Y} and 
.Z(8,t6y1) n G, N Z(t) n G,, . 
From the composition factors of Z,(t) (2.7) we deduce that 
j Z,(t): Z(t) n G,, j = / G, : G,, 1. 
Hence no further splitting of classes takes place under the action of G,,, . It 
remains to decide which elements of T7 are in G,,, . 
4.1 LEMMA. Let (G,, , r) be the universal cover of G. Then x = r(y) E G,,, 
if and onb if 6( y) = &(z)-ly for some z E ker r. 
Proof. If x E G,, then by (1.2) x = r(v) for some v E Gse,* . Hence v = yz, 
x E ker V, whence 6(z) 6(y) = zy. 
We now limit the discussion to adjoint Chevalley groups. Fix a fundamental 
system d of roots of G relative to T, say A = {a, ,..., a,}. If F, C K is the finite 
field of q-elements, G(q) will denote the corresponding group defined over F, 
and G * (q) the group of F,-points of G. The following lemma takes care of most 
of the classical groups. 
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4.2 LEMMA. If wn = -1 and t E T is of order 3 then Z(t) is connected, 
tG n G(q) is non-empty and does not split under the action of G(q). 
Proof. Let (J = (TV be the Frobenius endomorphism. Then a(t) = tq == tc, 
where q = E (mod 3) and E = fl. Now WA(t) = t-l so t or St 6-r E G*(q), where 
S-b(S) = WA . Thus tG n G c (4) is non-empty. If TK G,, + G is the covering 
map and x E G * (q) is of order prime to ker v then we can choose d E K’(X) 
with O(x) = O(5). Now wA = -1 so ker v is a 2-group (by inspection). Hence 
if t, E tG n G * (q) and QT($) = t, with O(i,) = t, , then CJ(&) = iiz, z E ker V. 
Since CT is an (abstract) automorphism, (&a)” = &3z3 = 1 so z3 = 1, i.e., .a = 1. 
Hence, by the first paragraph of this section, tC n G(q) is non-empty and does 
not split under the action of G(q). 
Note. This proof also shows that if 0 is an arbitrary endomorphism with 
a(T) = T, t E T is of order prime to ker n, and tG n G, is non-empty then 
tc n G,, is non-empty and does not split under the action of G,, . 
Lemma 4.2 covers the following groups: B, , C, , D, , 2D,, G2 , F4, “F4, E, , 
and E, . 
In the situation of (4.2) we have WA(t) = t-l so o = oq or wd a D fixes t. Now 
wd acts on L = [Z(t), Z(t)] and hence wdtwd stabilizes A(t), where A(t) is a 
fundamental system of roots for Z(t), chosen as in (3.8) so that A(t) _C d u {-%}, 
and wAtt) is the involution mapping A(t) into -A(t). To determine the exact 
structure of L, we need the following result, whose proof is a case-by-case 
checking. 
4.3 LEMMA. Let G be a universal Chevalley group, dejined over an 
algebraically closed $eld, T a maximal torus of G and A a fundamental system of 
roots of G relative to T. Let h,(s), s E k*, 01 E A, be the standard generators of T 
(see [5, p. 231). The center of G isgiven as follows: If G is of type 
A, c- . . . . -0 
1 71 
Z(G) = (h,(s) ..a h,(sn) 1 sn+l = l), 
B, o--’ ’ ’ ’ --c-=0 Z(G) = (k-1)) 
1 n-l n 
c, o-.- . . . . -.j=<zm3 Z(G) = (17hi(- 1) 1 i is odd) 1 < i < n 
1 n-l n 
D ” 2n + ’ Z(G) = (h,(-1) h,(-1) 2n+1 o--"'---o,3 zn *.. hz,-A-11, 
1 
hzn(-4 hzn+lW Ifi = 1) 
D,, 
,o 2n 
o- . . . . -o-o, 3 2n--1 Z(G) = (ih2,-l(-l), ih,,(-l)) 
1 2n - 3 
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wherei = h,(-1) h,(-1) ..* hsn-s(-1). 
4 
Es ;-;-o-;-z Z(G) = <h,(s) h,(s”) h&s) h,(s2) 1 s3 = 1) 
0 
2 
E, O-O-“-F-;-C+ Z(G) = (h,(-1) h,(-1) h,(-1)). 
l 3 I 
0 
2 
Groups of type E, , F, and C, have trivial centers. If (G,, , n) is the cover of G 
then .Z(G,,) ‘v Z(G,@)/(ker 7~)~ . 
Consider a finite Chevalley or Steinberg group. Such a group arises as a GO, 
for a suitable algebraic group defined over the algebraic closure K of a finite 
field and a suitable endomorphism cr thereof. Assume that char k # 3 and let 
GO, C G * (4)) (q = 1 mod 3). Theorem (2.7) gives the structure of Zo(t),, if 
[u(t), t] = 1. Results of Section 3 (in particular (3.8)) and of this section (see 
page 487) indicate how to obtain conjugacy classes etc., in the finite group GO,. 
Let T be a maximal torus of G such that U(T) = T, d = {a1 ,..., a,} a funda- 
mental system of roots relative to T, a, = C miai be the highest root and X, 
the root group corresponding to the root a. In the notation of (3.3), let 
!P = 19 1 
ad.3 CiEi 
1 0 < 
< Ci 
391 
Cinti < 
3 I 
3 
h.2-l - z 3 ‘i , 4 t(XAi)t = 
L, = <xx > X-J, J&c... = <La ,L, ,L, Y.>. 
By (3.1) and (3.2) the orbits of Ya,,, under Q represent bijectively classes of 
elements of order 3 of G * (4): recall that Q = (1, T(Q--l)Eiwdiwd I m, = l} ((3.4) 
since we are dealing with adjoint groups only). Lemma (3.7) indicates how to 
obtain the layer of the centralizer from the extended Dynkin diagram. 
In the following lemmas, we give conjugacy classes of elements of order 3, 
but give complete details only for groups of type B, (see 4.14). 
4.4 LEMMA. Let G be adjoint of type B, and let the nodes of the Dynkin diagram 
of G be labeled as in (4.3). G has n conjugacy classes of elements of order 3 whose 
representatives are ti(l < i < n). L(Z(tJ = L12...z--1 z+l...n is a product of groups L. 
of type Aim1 and Bndi . 
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Let (T = op be the Frobenius endomorphism and wg = - 1 = S-k(6). Let tf =- ti 
OY St, 6-l, according as q :r 1 or -I (mod 3) and let CA,(q),, = A,(q),, on 2A,(q),, 
according as E = 1 OY - 1. 
GO, has n classes of elements of order 3, represented by tf( I -< i < n). 
L(Z(tT)) N EAi(q)sC x B,-i(q)adq =: E (mod 3) and 
Z(tT) = L(Z(tf))(h,(s) 1 sq-’ = 1;. 
Proof. By (4.2) elements of order 3 have a connected centralizer and hence by 
(3.2), Q must permute Ya,,, in orbits of length 2. Now ul,,,, = (A1 ,..., A, , 
2&, A1 + A, ,..a, Al + k> and L(Z(tJ) = L12...(i-1)L(i+l)...n. Thus ti is not 
conjugate tj for i # j. Moreover, L,2...i_, n Li+l..., = 1, L,2..,im, ‘v Ai-l , 
Li+l...n = Bn-i,ad . Let wti be the element in the Weyl group of L(Z(Q) which 
maps A,, into -A,? . Then wd16wA 0 (5 acts as the twisting automorphism on 
L,2...i-, and as the Frobenius automorphism on Lc,+~)..., . Hence by (2.7) and 
(4.2) we get the result. 
4.5 LEMMA. Let G be adjoint of type C, , with its Dynkin diagram labelled as 
in (4.3). G has n classes of elements of order 3, represented by ti (1 < i < n). 
LGW) = ~5,. ..i-lLi+l.. .n where 
L 12...i-1 n Li+l...n z ~(;;~h,(---1) *-*Ll(--l) if2 I i 
L lz...i-1 1: i:,(k),:‘, 
L 12.. n-l = -L(k),, if n is odd 
‘v 4-,(k),,I(h,(--1) M- 1) ..* k-d-11)) 
if n is even, 
Li+l...n = C,-,(k),, . 
Let u = up be the Frobenius endomorphism and wg(= - 1) = S-lu(S). Let 
tf = ti or at, 6-l according as q 3 1 or -1 (mod 3). Then G,, (=P5’,(2n, q)) has 
tf (1 < i < n) as representatives of elements of order 3. 
L(Z(t,*)) N “41(P)sc X Cn-ik7)se 3 i odd, i<n 
l 4-1kl)sc * G-msc t i even, i < 71. 
Here CA,(q) = A,(q) or 2A,(q) depending on whether q = 1 or -1 (mod 3). 
4.6 LEMMA. Let G be adjoint of type D, (n 2 4). Label the Dynkin diagram of 
G as in (4.3). G has n + 1 classes of elements of order 3, represented by ti (1 < i < n) 
and t,t,-,t, . Let tT = t, or at, 6-l according as q = 1 or -1 (mod 3), where 
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wd = 6-lo(S) and o = o4 . G,,, has tT (I < i < n), tots& as representatives of 
elements of order 3. 
L(Z(t,)) = 42. . . i-&,+1.. .n f 
L(Z(~l~,-lt,N = L02...n-2 
L 12...i-1 = 4-l.sc j b..., = D,-i,scl<~> whe 
x = h,(-1) h&-l), 
L1,...i-, A Li+l..+, = 1 if i is odd 
= h,(-1) h,(-1) *** hiel(-1) ;fi is even. 
L(Z(tT) = fAi-l(q)SC x ‘D,-,(q),,j<z), ;f i is odd 
= c&l(q)se * Dn-i(q)sc/<z>, ;f i is am, 
-wtl*t,*_lf:) = ~~An-1(9)se * 
2D,(q). Let d = {a, ,..., a,} be a fundamental system of roots and label the 
Dynkin diagram of D, as in (4.3). ‘JO,(q) is thegroup ofjxedpoints of the endomor- 
phism u defined by: 
uX,,(S) = X,,(s*) (i < n - 2), uX,-,(s) = XJs*), uXJS) = X,Jsq). 
DeJne tf as in (4.5). Cl asses of elements of order 3 are represented by tf,..., tz-:_, , 
tttf-& ifq = 1 (mod 3) OY n is even. When q E - 1 (mod 3) and n is odd, we get 
two more classes represented by &I , t$. 
Suppose n is even and 1 ,< i < n - 2. Then 
WW = A&),, x 2Dn-i(dsc/(~> if i is 04 
= A&),, * 2D,.&)sc/(~> ;f i is mm, 
L(Z(t,*)) N 2Ai--1(q)80 x D,+(q),,/(z) if i is odd 
N 2Ai-1(q)Sc * 2Dn-i(q)sc/<z> if i is even. 
When n is odd a similar result holds with L(Z(t$ pi 2A,-l(q)sc . Finally, 
wlwJ?l-1)) N kL-d!?),, and L(Z(tX&)) = 2A,-,(q),, . 
4.7 LEMMA. Let G = SL(n, k), G1 = G/Z(G) , T the group of diagonal 
matrices and IIz G -+ G1 the natural map. Let (T denote the map X --+ X(q) OY its 
composite with the map X--L (Xt)-l so that G, is SL(n, q) OY SU(n, q). 
If 3 r 1 Z(G,)j then there is a 1 : 1 correspondence between classes of elements of 
order 3 of G, and G,,, . If t E T, t3 = 1 then tG n GO is non-empty if w and w-l 
OCCUY with same multiplicity as e&en values oft, where w3 = 1 and w f 1. Moreover, 
tC n G, does not split under the action of Go . 
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If 3 / / Z(G,)I then semi-simple elements of order 3 of G1 with a non-connected 
centralizer form a single G,-class, represented by T(T), where 17 = diag 
(l)..., W ,..., wa )... ), with 1, w and w2 occurring with equal multiplicity. This class 
splits into 3 classes under the action of G,,,, z# 3 / 1 Z(G)l/l Z(G), q - E j, where 
E = 1 if o is the Frobenius map and e = - 1 otherwise. Elements of order 3 of Glou 
with a connected centralizer have representatives in TO . If r(t) (t E T, , t3 E Z(G)) 
is such an element then t is not conjugate to tx for all z E Z(G). The orbits of {x E T, , 
x # 7 1 x3 E Z(G)} under the Weyl group represent classes of elements of order 3 of 
G, whose projective centralizers are connected. If R is a system of representatives of 
these orbits then identifying x E R with xz (2 E Z(G,)) gives representatives of 
classes of elements of order 3 of Glou whose centralizers are connected. If rr( t) is such 
an element then Z(,(t)) n G,,, = rr(L,T,) where L = [Z(t), Z(t)]. 
Proof. See (2.1) and (2.7). 
Note. Let G be adjoint of type A, . In the notation of page 16, !Pad,a consists 
of elements of type Ai , 2A, , Xi + ZAj, hi + hj , hi + Aj + A, . Now 
wdlwd(x12) = --xi if i+h==n+l 
Ai+k--n--l - 4 if i+h>n+l 
h+lc - Ai if i+k<n+l. 
Using this, the orbits of !Pad,a under Q = (1, T~Q2-I),,wgi~A> can be calculated. 
By (3.2) these orbits give representatives of classes of elements of order 3 of G, 
(3 r q). Hence if 3 1 (n + 1) then tlt,+(,+,),3tl+2(,+l),3 represents the unique 
class with a non-connected centralizer. 
4.8 LEMMA. For purposes of reference, we give below the extended Dynkin 
diagrams of groups of exceptional type: 
G, o=-e=o --- 0 
1 2 -0 
F4 O-o==<=o-O-----O 
12 34 -0 
a, = 3a, + 2a, 
a0 = 2a, + 4a, + 3a, + 2a, 
4 
E, o---o-o-o-o-o-o a, = 2a, + 2a, + 3a, + 4a, 
+ 3a, + 2a, + a7 
2 
4 
E, O-O-O-O-O-O-O - - - o 
1 3 5678 -0 
a, = 2a, + 3a, + da, + 6a, 
+ 5a, + da, + 3a, + 2a, . 
; 
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4.9 LEMMA. Let G be of type G2. G has 2 classes of elements of order 3 
represented by t, , t, (in the notation of p. 489). L(Z(t,)) = L,, is of type A,, 
L(Z(t,)) = L, is of type A, . 
Let o = (J,, and wd = - 1 = S-lu(S). Let t: = ti or 6ti 6-l according as q = 1 or 
- 1 (mod 3). Then ifq = E (mod 3), 
-W?> n G2(d ZJ eL20(q) where ‘L2dd = ‘A2(dsc 
Z(t,*) n G,(q) -<LL,(q)‘T(q), ‘T(q) = {h,(t) h,(u) ( t4-< = uq-< = l}, 
and -WY n G2WM) - G-, , where ‘L,(q) denotes, by abuse of notation, the 
copy of ‘L,(q) in Z(q). Moreover, ‘L,(q) E Al(q)se . 
4.10 LEMMA. Let G be of type F, with its Dynkin diagram as in (4.8). G has 3 
classes of elements of order 3 represented by t, , t, , t, . 
L(Z(t,)) = L,,, is of type B, , L(Z(t,)) = L,,L,, of type A, x A, andL(Z(t,)) = 
L1,, of type C, . Define tt as in (4.9) etc. Then if q = E (mod 3), Z(tT) n F,(q) = 
%d!zm7h 
Z(t:> n FkW,dq) = G-c , Ehw(d = B&h 
-W,*> n F,(q) = %23WT(q)j -W,*) n F4WL123(d = L l 
ELl23(d = C3(q)w 7 Z(t,*) n 4(q) = LTq) 
where L = ‘L,,(q) <L&q) (centraE product), ‘L,,(q) n EL40(q) = (t3), ‘L,,(q) ‘v 
fL4o(q) = ‘A,(q), and Z(t,*) n F&)/L = H3 . 
Proof. By (3.8) and (4.1) F,(k) has 3- 1 c asses of elements of order 3, repre- 
sented by t, , t3 , t, with the layers as described in the statement. 
Now L = L,, is a homomorphic image of B8,,Ye, say L e B&C where 
C _C {I, h,(- 1)) (4.3). But if h,(t) = 1 then h,(t) XOl(l) hz(t)-l = Xorl(t(al*u2)) = 
XJl) implies that t-l = I, so t = 1. Hence L N B8,se . Since W+ = -1, 
L wdo = B3,,,(q), where 0 = up . Now Z(td,,, = -L ,TwA, and Z(tl)wA,lLwAo = 
LAdT n Lh+, = &+, . This gives the composi:ion factors of Z(tT). For 
Z(t$) we proceed exactly as above. 
Dynkin diagram of Z(a) is 
hence Z(t3) = L&L,,T = L&L,, . Let rr: A,(k),, x A,(k),, + L&L,, be the 
covering map. Then ker 7~ C {h,(t) hz(t2) h,(u2) b,(u) / t3 = u3 = I} (4.3). But 
h,(t) h2(t2) h,(u2) /Z,(U) = 1 if and only if t = u. Thus h,(t) h2(t2) = ha(t) &(t2) 
(t3 = I). Now L,, n L,, C Z(L,,) n Z(L,,) and t, E Z(t,) = L&La,, . Hence 
L,, n L,, = (23). 
48I/SW-14 
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Let60 = wAo oq if E = - 1 and up if E = 1. Then L,, = L,,,T,, , LJL,,, ^v 
T,,/L,,, n T, where L = L,,LI,) . Now 
T,, = {h,(s,) h,(s,) h,(s,) h,(s,) 1 ST-’ == 1, i = I,..., 4}, 
L,,, n T,, = (h,(t) h,(u) ha(v) b,(w) 1 tQ-t = 1, UP6 = 1) and I T,,/L,,, n T 1 == 
((Ker n),, I. Since h,(w) = h,(w) h,(wa) &(~a) h,(w2) we get: 
4.11 LEMMA. 2F,(2r) has a single class of elements of order 3; the centralizer 
of such an element is isomorphic to 2A2(22r+1)Se Y SlJ(3, 22r+*). 
Proof. Let G be as in (4.10) with char k = 2. Let Y be any positive integer. G 
admits an endomorphism u defined by &X,(s) = Xp(&@)), where p is the 
permutation (u1u4)(a3u2) of simple roots and q(u) = 2’ if a is a long root, 2r+r if 
a is a short root. We denote G, by 2F,(2r). 
Now 2Fq(2r) C F4(22r+1) Z Fq(22(2r719, so by (4.10), elements of order 3 of G 
are conjugate to t(xhi) = ti , i = 1, 3,4, where hi = [(q - 1)/3]~, and q = 22(2r+1). 
Since u(tl) = ty+l a(t,) = tr, we see that u(tl) wW t, (conjugating by wA = - 1 
if necessary). But for t E T, tC n G, # ,D iff u(t) N t, so u(tl) N t, implies that 
f, mW t, which is not possible. Thus the only possibility is that t,G n G, # M . 
Since 3 / 2F,(2’), G, has a single class of elements of order 3. 
By [I, p. 2721, the vectors e, = u4 + 2ua + 3a, I- 2u, , e2 = a4 + a3 + u2 , 
ea = a2 + ua , e4 = u2 form an orthonormal basis of R(u, , u2 , ua , aa). Consider 
the orthogonal transformation u whose matrix with respect to the ordered basis 
el , ez , e3 , e4 is 
-1 1 -1 -1 
111 1 --I 
2 1 
I I 
l-l I . 
-1 1 1 1 
Since v{al , a2 , u3 , u4} c Q, [1, p. 2721, v@ = @ (because the Weyl group is 
generated by simple reflections and every root is conjugate to a simple root). 
Since a system of type F, has no graph automorphism, v belongs to the Weyl 
group. 
Now u(t3) = (h3(w2) JQ(w))~‘(w~ = 1) and vhq(w) hg(W2)v-l = b(w) h2(w2) = 
tgl. Thus i ’ u or i 
SU(3,2”“). 
lL’d” 0 u fixed t, . Proceeding as in(4.lO)we find that Z(Qi,. ou N 
4.12 LEMMA. Let G be adjoint qf type E, with its Dynkin diagram as in (4.8). 
G ha-s 5 classes of elements of order 3, represented by ti (i = 1,2, 3, 6, 7). 
Let L(Z(ti)) = L(h). Then L(h) = Lwe7 N Qad , L(t,) = L,,,, = -4,,,, , 
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L(b) = L&L24567 , whereLo = APpsc ,L24567 = 4,selZ Z = <t E Z(A,,,,) I t2 = I>, 
Lcll nL245.57 = <GA L&J = J%&~ , where L,,, = ksc , Lo = Al,,, , 
L 12345 nL, = +>, z = A,(-1) U-1) h&l),L(tJ = L,,,,,, = E,,,, . Let 
q = l (mod 3) and deJine tr as usual. E,(q),d has 5 classes of elements of order 3, 
represented by tf (i = 1, 2, 3, 6, 7). Let ‘L(t),, = L(t)OU zf E = 1, and L(t)WA,, zf 
E = - 1. Then Z(tf) A E7(q)ad N ‘L(t,),,‘H,(q), where ‘H,(q) = {h<(s) 1 s*-~ = l}, 
cL(tdou = Qhz)ad 7 ~L(t&,, (i = 2, 3, 6, 7) is of normal type rf E = 1 and of 
twisted type if E = - 1. Z(tT)/cL(ti),, is cyclic of order q - E, q - c/(2, q - E), 3, 
4 - 6, 4 - 42, q - l ) for i = 1, 2, 3, 6, 7, respectively. 
Proof. In view of (4.2) and (2.7), the only statement requiring justification is 
the statement about conjugacy classes. By (3.8) and (4.8) Y”,,, = (A, , A, , A, , 
A7 , A, , A, , A, + A, , A, + A, , A, + A, , 2h,}. Since centralizers of elements of 
elements of order 3 are connected, Q must permute Ya,,, in orbits of length 2 
(3.3). Since Z(tJ (i = 1,2, 3, 6, 7) h ave non-isomorphic layers, G has 5 classes of 
elements of order 3. 
4.13 LEMMA. Let G be of type EB . G has four classes of elements of order 3, 
represented by ti (i = 1, 2, 7, 8). L(t,) = L23456,8 N D,,se , L(t2) = L13-15fiS8,, E 
A&C, where C is the central subgroup of A,,,, of order 3, L(tJ = L&3456LB,, is a 
central product of groups isomorphic to E,,,V, and AB,se , L(t,) N E5,sc . 
Let q = E (mod 3) and de$ne t? as usual. Then (t?, i = 1, 2, 7, S} are repre- 
sentatives of classes of elements of order 3. Defining ‘L(t),, as in (4.12) we have 
Z(tf) n E,(q) ‘u l L(ti),,~Hi(q). l L(tJ,, (i = I, 2, 7) is of normal type, if E = I, 
and of twisted type if E = - 1. 
Z(t:)pL(t&, is cyclic of order q - E, 3, 3, q - E, for i = 1, 2, 7, 8, respectively. 
The center of L(ti)QZL is given by (4.3). 
4.14 LEMMA. Let G be adjoint of type E, . G has 7 classes of elements of order 3, 
represented by ti (1 < i < 6) and t,t, . 
L(t,) = Lxm ‘u 4.x 3 L(b) = -Ls ‘v As,,, /C, where C is the central subgroup 
of AS,sc of order 3, L(tJ = LIL,,, = A,,,, x Al,se , L(t4) = L&L&L,, , where 
L12 =-L =L2* = &, andZ&J = Z&d = Z(L,,) = <OLk) = L,,, x Lo , 
L , 1254 = 4 sc ,L6 N Al,,, , L(b) = L1224, = D,,,, , andL(t,t,) = L2s5 - Dl,se . 
Let o denote the Frobenius or the twisting endomorphism, according as the group 
under consideration in E,(q) or 2E,(q). Let wd = Sla(S) and tf = ti , if q ZE 1 
(mod 3), tf = Sti S-l, if q = -1 (mod 3). The classes of t, , t, , t,t, always 
intersect the group G,, in single classes whose representatives are tt, t:, t$$. 
If q = 1 (mod 9) then EB(q)ad has 4 more classes, represented by t, , t, , t5 and 
43 . 
If q = --I (mod 9) then 2Ee(q),d has 4 more classes, represented by t?, t$, t” 
and tz. 
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Proof. Let (GBC , r) be the universal cover of G and label the Dynkin diagram 
of G as in (4.3). If a, is the highest root then a, 
2a, + a6 = Cz=, miai . In the notation of (3.3) let 
= a, + 2~2, -L 2a, -+ 3~2, + 
where Ai = q2 - l/36( , ti = t(x,+). By (3.1) and (3.3) the orbits of Yad,s under 
Q = iI, T(““qrt wn.wg ! mi = l} represent the classes of elements of order 3 of 
G*(q2) (see section 3 for the notation). 
Now if wA.(aj) = --a, (; #j) and m, = 1 then wdicj = -Ed + mjei and 
agiei = ei [3, p. 2781. Moreover, wA,(ui) = a, . Thus we get 7 orbits of ul,,,, 
under J2, represented by A, , A, , A, , A,, A, , A, , A, + A, . Except for A, and 
A, + A, , each orbit has length 3. Hence Z,(XJ = Z,(X,)0 for i = 1, 2, 3, 5, 6 
(3.3). 
Now if x E X(T) and t(x) E T is rational over the finite field F C k then t(x) = 
ntl @(q,)), where 2 is any extension of x to the lattice L*(R) and (qi} is the 
basis ofL*(R) dual to {UT = 2ui/(ui , a,)> (see p. 1 and sect. 3). Let K be a fixed 
generator of Ff2 C k. If x EL(R)‘- and y EL(R) then 
X4243(Y) = &1/3(2,Y) = w(o,Y) = p.3B) 
where w = &l/3 and 13 = w. Since I L*(R) : L(R)/ = 3, each x,,, extended to a 
character j& of L*(R) defined by in,( y) = 77 (E~s3v). Hence, using the tables of [2] 
we find that 
t3 = G2W) h2(4 h3(d h(W) MQJ2172) MV)~ 
f, = Al h2(4 h3(W2172) h(W) &I) kh2W) 
45 = UT? h,(w) h,(v) k(W2) uJJ?2) k&4. 
Let o = (T* be the Frobenius endomorphism and suppose that q = 1 (mod 3). 
Now Z(t,) = z(t$(wAJwA), Z(t,t,) = Z(tlt,Jo(zuA1wDd) and Z(ti) (i = 1, 2, 3, 5, 6) 
have connected centralizers. Thus if wA,wLI = ol-la(a), wAswd = fl-%r(/3) then, by 
(1.3) representatives of classes of elements of order 3 of G, are ti (i = 1, 2,3,5,6), 
f t 1 , 431, t B, t,t, , (tltep, (f,t,)p. To decide which of these elements are in G,, , use 
Lemma (4.1): let C? be the lifting of o to (G,, , r). Since C? fixes Z(G,,) pointwise 
the elements ti (; = I, 2, 3, 5, 6) are in G,,, if q I< 1 (mod 32). Now t, = 
hl(w2) h3(w) hJw) h,(w2) so t,” E G,,, iff in G,, , h,(w2) h3(u) /Q(W) h&w”) is 
centralized by wLllwj . Since w~,wdhl(~“)h3(~)hj(~)hs(W2)(WdleOd)l = h1(~)h3(w2), 
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we see that t,G n G,,,/G,, = {t4}. Similarly the class of t,t, does not split under 
the action G,, . 
Suppose q = -1 (mod 3). Then G, = G,, since GO/GO, ‘v TJT, n Go, N 
Fz/(F$)3. Now if t = t(X) is of order 3 then a(t) = 1-l = t(-X). Hence tG n G, 
is non-empty if and only if xp - X, i.e., xw - ZO,X. Now -wA(h,) = h, , 
--A@,) = A, , --w&b) = A, 3 -zig = h, , so the classes which intersect G, 
are those corresponding to /\:, , h, , X, + h,; for these h’s, z~,a(t(x~)) = t(xn). 
According to the remarks on page 487, we may replace 0 by wdo = p. 
Let ai E d be such that in the expression a, = C, mjaj , m, = 1. Since 
wA(ao) = -a,, , it follows that if wA(ui) = -aj then mj = 1. Now wdwdlwA(u,) = a, 
and w,wA,w,(d\aj) = -A\-uj , so zunzudiwd = wgj . Moreover, if ai f aj 
and wAj(ai) = -ai then wd wd,wd (d) = --d whence wd.wd w, = wd . 
Using this, we fiend that H’(p, ‘Z(t4)/k(t4)‘) = 1 (since 1 N wd,wL, 2 wd,wd). 
Similarly H’(p, Z(tlt,)jZ(tlt,)o = 1. Thus if q = - 1 (mod 3) then G, (u = uQ) 
has 3-classes of elements of order 3. 
Now take g to be the endomorphism of G defined by ox,(s) = X0&~*) (a E d) 
where p is the permutation (alaG) (u3a5) (aJ (a*) of d. p extends to an isometry of 
E = X(T) & R with p0 = @, @ being the set of all roots. Moreover, a(~,) = 
PW~(P~~. Since only one root length is involved, pwA,prl(d\p(a,)) = -A\--p(q) 
and pwA,prl(p(a,)) = a,; hence pwql = wd6 and pwo,p-l = 7uAl . Thus 
o(w+wJ = wf6wd . Moreover it is easy to see that u(t(XJ) = t(X,,cn))“. 
If C? is the lifting of u to G,?, then 6(z) = zE for all z E Z(G,,), where q .T E 
(mod 3). We now have all the information to compute H’(u, Z(t)/Z(t)“) etc. 
Details are omitted. Finally, note that if t E T is fixed by an endomorphism 0 and 
L = [Z(t), Z(t)] then Z(t),, 2 Z(t);, 2 Lo, is a normal series for Z(t) n Go,, , 
where Z(t),, = Z(t) n GBu . Since Z(t),,/Z(t)~, N (Z(t)/Z(t)‘), and L,, N 
L,,,,/(ker ~-)a , the structure of Z(t) n Go, , for t E G,, of order 3, can be obtained 
from the information given in (4.14), taking 6’ to be u or wd o U, according as 
q= I or --I (mod 3). 
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